A PROOF OF THE LOCAL Tb THEOREM FOR STANDARD 
CALDERON-ZYGMUND OPERATORS 



STEVE HOFMANN 



Abstract. We give a proof of a so-called "local Tb" Theorem for singular integrals whose 
kernels satisfy the standard Calderon-Zygmund conditions. The present theorem, which 
extends an earlier result of M. Christ |Ch|, was proved in | AHMTT| for "perfect dyadic" 
Calderon-Zygmund operators. The proof in | AHMTT] essentially carries over to the case 
considered here, with some technical adjustments. 



1. Introduction 

Following Coifman and Meyer, we say that an operator T, initially defined as a mapping 
from test functions C^°(R") to distributions, is a singular integral operator if it is associated 
to a kernel K(x, y) in the sense that for all <f>, if/ e Cq with disjoint supports, we have 



(T(f>,i(/)= K(x,y)(f>(y)\p{x)dydx, 

JJsj'xR" 

and if the kernel satisfies the standard "Calderon-Zygmund" bounds 
(1.1a) \K(x,y)\ L 



\x-y\» 

\h\ a 



(1.1b) \K(x,y + h)-K(x,y)\ + \K(x + h,y)-K(x,y)\<C i . 

\x - y\ n+a 

where the later inequality holds for some a > whenever \x - y\ > 2\h\. 

For future reference, we note that, for any kernel K{x,y) satisfying dl.lK a). and for 
1 < p < co, we have 

(1.2) f f K(x,y)l mQ (y)f(y)dy dx<C p f \f\ p . 

Jq J JbQ\Q 

We omit the proof. 

The following theorem is an extension of a local Tb Theorem for singular integrals 
introduced by M. Christ [Ch| in connection with the theory of analytic capacity. See 
also BNTVI . where a non-doubling versions of Christ's local Tb Theorem is given. A 
1 -dimensional version of the present result, valid for "perfect dyadic" Calderon-Zygmund 
kernels, appears in | AHMTT |. In the sequel, we use the notation T' r to denote the transpose 
of the operator T. 

Theorem 1.3. Let T be a singular integral operator associated to a kernel K satisfying 
(II. Il l, and suppose that K satisfies the generalized truncation condition K(x,y) e L°°(R" X 
R"). Suppose also that there exist pseudo-accretive systems {b^}, {b 2 ^} such that b l Q and b 2 g 
are supported in Q, and 
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(i) f Q ({b 1 ^ + \b 2 Q \i) < QQi for some q>2 

(ii) J G (|r^| 2 + |r^ 2 G | 2 )<ciei 

(iii) ±\Q\<mm(%ef Q b 1 Q ,Kef Q b 2 Q ). 

Then T : L 2 (W) -> L 2 (R"), with bound independent of \\K\U. 

The theorem in [Ch] is similar, except that the L 2 (orL 2+e ) control in conditions (/) and 
(ii) is replaced by L°° control. The proof of the present theorem follows that of | AHMTT], 
except for some technical adjustments related to the presence of the Calderon-Zygmund 
tails in condition fll.lbt . These tails do not appear in the perfect dyadic setting considered 
in II AHMTT! . and their absence allows one to take q = 2 in condition (;'); moreover, 
Auscher and Yang HAYI have extended the present result to the case q — 2, by reducing to 
[AHMTT | . At present, we do not know a direct proof of our theorem without taking q > 2, 
nor (in contrast to the perfect dyadic case) any proof with q < 2. 

The present version of the theorem has been applied in IAAAHK1 to establish L 2 bound- 
edness of layer potentials associated to certain divergence form elliptic operators with 
bounded measurable coefficients. 



2. Preliminaries 

We begin by setting some notation, and recalling some familiar facts. In particular, we 
discuss adapted averages and difference operators following HCJSI . We define the standard 
dyadic conditional expectation and martingale difference operators 



E k f(x) = J] l Q (x) -If/, 



where Djt, k 6 Z, denotes the standard grid of dyadic cubes in R" having side length 2~ k , 
and 

A k = E k+ i - E k . 

Then 

EjE k = E k , j>k 

and thus also 

A;A A . =0, )+k 

A 2 = A* 

Moreover, the operators E k and A k are self-adjoint. Consequently, we have the square 
function identity 

y m\ 2 = mi 

as well as the discrete Calderon reproducing formula 
(2-3) ^A 2 = ^A,=/, 

where the convergence is in the strong operator topology on L 2 , as well as point-wise a.e. 
for / e L 2 , as may be seen by the telescoping nature of the sum, and the fact that 

(2.4) lim E k f = / a.e., / € Lf oc , 1 < p < oc 

K — >CC 
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(by Lebesque's Differentiation Theorem), and 

(2.5) lim E k f = 0, / e If , 1 < p < oo. 

k—*— oo 

Details may be found in |St|. As a consequence of d2.21 >. we have the standard dyadic 
Carleson measure estimate. 

Proposition 2.6. There exists a constant C such that for every dyadic cube Q, 

\A k h{x)\ 2 dx < C\\h\\ 2 BM0 . 



iqiX,o£ 



G k:2- l <t(Q) 

Remark. The well-known proof is the same as that in the continuous parameter case 
BFSL and is omitted. 

Suppose now that b is dyadically pseudo-accretive, i.e. 

(Dt^A) b e L°°, \E k b\ > 6, 

for some 5 > 0, and for all k e Z, or more generally that 



f b >6, f \b\ 2 <C\Q\ 
\<J\ Jq Jq 



(2.7) 

lQ 

for all Q in some "good" subset of D^. Then we can define the adapted expectation opera- 
tors 

kf ~ E k (b) 

(at least on the good cubes), and we can also define the martingale difference operators 

at least on cubes Q eYb k which are not only "good", but whose dyadic children are also 
"good" (in the sense of (12.7b ). The following result is well known (see, e.g. [Ch2, p. 45]) 

Proposition 2.8. Suppose b € DipA. Then we have the following square function estimate 



2 |A£/| 2 < C\\f\\ 



We omit the proof. 

It is routine to check that for b e D*¥A, E h k , A h k also satisfy 

a) E b k E b j = E b jE b k = E b k , j>k 

b) A b A b = j + k 

c) (A b k f = A k 

( 2 - 9 ) d) lim£*/ = /a.e., / e L p . , p > 1 



e) lim E\f = 0, / eL p , \ <p< 



CO 



k- 



We shall also find it useful to consider the transposes of the operators E b , A b , which we 
denote as follows: 

A " 55 (E * r = b E^Fy D ' = A * +1 _ A " k = (A " )tr " 

One may readily verify that for b e Dif/A the operators A b , D b satisfy the properties enjoyed 
by E b , A b k in (12.9b . Moreover, we have 
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Proposition 2.10. Ifb e DipA then 



2 \\D h k f\\\ < CH/II 



Proof. Observe that A b J = bE k f/E k b. Hence 



\Dtf\ < \b\ 



Ek+if E k f 



E k+1 b E k b 



\A k f\ , \E k f\\A k b\ 



\E k+1 b\ \E k+1 b\\E k b\ 



The conclusion of the proposition now follows from ( 12.2b . Proposition ^. 61 dyadic pseudo- 
accretivity, and the dyadic version of Carleson's Lemma. We omit the details. □ 

Next, we introduce some further terminology. 

Definition 2.11. Given a dyadic cube Q c R", a "discrete Carleson region" is the collection 

R Q = {dyadic Q' such that Q' c Q}. 

We shall refer to as the "top" of Rq. We remark that in using the term "discrete Carleson 
region" in this fashion, we are implicitly identifying a cube Q' with its associated "Whitney 
box" Q' X [((Q')/2J(Q')l 

Definition 2.12. Given a dyadic cube Q c R", a "discrete sawtooth region" is the collection 

Q = Rq\(UR Pj ), 

where [Pj] is a family of non-overlapping dyadic sub-cubes of Q. 

Definition 2.13. We say that b is "g-dyadically pseudo accretive on a sawtooth domain £2" 
(b G q - Dtf/A(Q.)), if there exist constants 5 > and Co < °° such that for every Q e Q. 

(U) ^/ G ,W<Co. 

We now introduce some alternative notation, which we shall find useful when working 
with discrete sawtooth regions. For Q e D*, we set 

D" Q f{x) = l Q (x)D b J(x) 

and we adapt the analogous convention for A*(Ag), A*(Ag) and E^(Eq). Since the cubes 
in a given dyadic scale are non-overlapping, we have, for example 

oo 

G i=-oo 

where the first sum runs over all dyadic cubes. 

We also describe a convenient splitting of a discrete sawtooth region as follows. Given 
a dyadic cube Q\, and a discrete sawtooth 

n = R Ql \(UR Pj ), 

we split 

Q = Q[ U Qbuffer, 

where 

^buffer = {Q £ ^ '■ Q has at least one child not in Q}. 
Thus, if Q e £2;, then every child of Q belongs to £1 We have the following extension of 
Proposition ^. 101 
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Lemma 2.14. Let Q = Rq { \(L)Rp.) be a discrete sawtooth region corresponding to a 
dyadic cube Q\, and let Qi U Clbuffer be the splitting ofQ, described above. Suppose also 
that bel- D^A(O). Then 

2 \\D b Q f\\\ < C\\f\\l HQi) . 
Proof. Fix Q € B k n Qi. By definition, 



G'eB t+ , 
G'CG 



lE a f E Q f\ 


2 

- z 


EQ'f 


E Q f 


7 


i^i 2 


\E & b E Q bj 


Q'eD i+ , 
G'CG 


E Q b 


E Q b 






si 

G'eB i+ , J Q 
Q'QQ 


A G / 
E Q .b 


E Q fA Q b 
E Q bE Q b 





where in the last two steps we have used that Eq, Eq are constant on Q' , But if Q E Qi, 
then its children Q' all belong to £1 Since bel- Di//A(£l), the last expression is therefore 
bounded by 



C 



J (|A e /| 2 + |£ G /| 2 |A e £| 2 ). 



Summing over Q e Q.\ yields the desired estimate, once we have proved the following 
analogue of the discrete Fefferman-Stein Carleson measure estimate Proposition ^. 61 □ 

Lemma 2.15. Let Q\, Q, 

be 2- Dif/A(£l). Then 



ill U ^buffer be as in the previous Lemma, and suppose that 



sup -L l|A e^2 ^ cc o, 

where Cq is the constant in Definition 12.751 and where the supreme runs over all dyadic 

Q£fii. 



Proof. We observe that 



2 \\A a b\\l= ^ \\A Q (lQb)\\ 



Gen, 
GCGCGi 



GCGCQi 



is non-zero only if Q E Q. But b e2 - DipA{Q.), so by ( |2.2t we have that 
2 l|Afl(l g 6)|g < C f |Z7| 2 < CColGI- 

Q dyadic ° Q 

This concludes the proof of Lemma [2.15| and hence also that of Lemma [2.14| 

3. Proof of Theorem 1 1 . 3 1 (Local Tb Theorem for singular integrals) 



We now proceed to give the proof of Theorem 1 1.3 1 The proof follows that of Theorem 
6.8 in [AHMTT'I, which for the sake of expository simplicity treated only the case of 
"perfect dyadic" Calderon-Zygmund kernels in one dimension. The more general version 
given here, in which the "perfect dyadic" cancellation condition is replaced by ( 11.1K b), 
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will entail dealing with a moderate amount of purely technical complication, but the gist 
of the proof is unchanged. 

By the Tl theorem, plus a localization argument, it is enough to show that there is a 
constant C, depending only on dimension, the kernel bounds in ( 11.11 ). and the constants in 
hypotheses (i), (ii) and (iii) of the Theorem, such that for every dyadic cube Q, 

(Tlioc) (a) \\Tl Q \\ LHQ) < C\Q\ 

(b) \\T u 'l Q \\ LHQ) < C\Q\ 

Indeed, it is well known that one may deduce both the weak boundedness property, and 
that Tl, T a l e BMO, from (7T loc ), (fj) and (TOt . We omit the details. In the sequel we 
shall use the generic C to denote a constant depending only on the benign parameters listed 
above. 

Now, by the symmetry of our hypotheses, it will suffice to establish only ( |Tli oc | )(b), and 
we do this for Q contained in same fixed cube gbig- Since 2t>ig is arbitrary, the general case 
follows, as long as our constants are independent of Qbig (as they will be). 

We thus fix Qb\ g , and define 

Bi ^su P ^||r tr i G || Ll(G) , 

where the supremum runs over all dyadic Q c Q bie . By our qualitative hypothesis that K e 
L°°, we see that B\ < oo, although apparently it may depend on ||/T||co and Qbig- However, 
we shall show that there exists e > 0, depending only on the allowable parameters, such 
that for every Q c g big , and for every / e L°°(0 with ||/|U < 1, we have the estimate 

(3.1) I f r/|<(l-e)B 1 |ei + C|e|. 

Jq 

By duality, this proves that B\ < (1 - e)B\ + C, and ( |Tli 0C | i(b) follows. 

In the sequel, we shall use the following convenient notational convention: 

By renormalizing, we may assume that hypothesis (iii) of the Theorem reads 

(3.2) [b x Q ] Q = 1 = [b 2 Q ] Q . 

Lemma 3.3. Suppose that {bo} satisfies (as in the hypotheses of Theorem M 3\ 

(i) f Q \b Q \i<C\Q\,forsomeq>2 

(ii) J Q \Tb Q \ 2 < C\Q\ 

(iii) [b Q ] Q = 1, 

and that suppfog C Q. Then there exists e > 0, and for each fixed Q\ a partition of Rq { 
into 

R Ql = Qi u Q buffer U QJR PJ ), 
where the tops {Pj} are non-overlapping dyadic sub-cubes of Q\, such that ifb = bQ { , then 



(3.4) X 1 ^ 1 " (1_e)lei1 

(3.5) b e q - D^AiCli U Q buffer ) 

(3.6) sup [(Mb) 2 ] Q < C, 

QQQQ2Q 
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for all Q € Qi U £2buffer (here, 2Q denotes the concentric double of Q); 

(3.7) [\Tb\ 2 ] Q <C, Vfiefi,U Q buffer 

(3.8) J] \Q\<C\Qi\ 

<2 ^buffer 

(3.9) / = [f] Ql b + J] Dg/ + £(/l P , - [f] Pj b Pj ) + J] 

Pj children of Q 

and, for x € Q'> ant/ Q' a child of Q € Qbuffer. 

5 fc f (x) = x e g' e (n, u Q buffer ) 

G * i-^g/W. x e & t (Q, U Q buffer ) ' 

Furthermore j ( g = 0, anc/ ||f G || 2 < C|g| 1/2 . 

Proof of the lemma. We begin by verifying the claimed properties of £g, for g 6 ^buffer, 
assuming ( I3.5l l. By definition of S „, 



& = Z i^>^< + Z ^-^m^ 

e'en L Jy g'gn L Jy 

g' child of Q g' child of g 



where in the middle term we have used that [£>g<]g< = 1, and that if Q' is a child of 
Q e Qbuffer, with Q t Q = Qi U Qbuffer, then Q' = Pj for some j. It is now routine to verify 
that J £q — 0, since [£>g<]g< = 1. Clearly, supp^g c g. Also, the bound 

iifeib < cwnum < cm 

follows from d3.5t and Holder's inequality. 

We now turn to the main part of the proof. By hypothesis (i) of the Lemma, applied to 
b in Qi, and by the L q boundedness of the maximal function, we have that 

(3.10) f (Mby<c f [&| ? <q<2il 

where we have used that b is supported in Q\. We now perform a standard stopping time 
argument, subdividing Q\ dyadically to extract a collection of sub-cubes {Pj} which are 
maximal with respect to the property that for some 5 > to be chosen, at least one of the 
following holds: 

(1) \[b] Pj \<6 

(3 - U) (2) sup [(Mb)% + [\Tb\ 2 ] Pj >^ 

Q.PjQQClPj " 

As usual, we then set Q = /?g, \(L)Rp ), and we further decompose O = Oi U Qbuffer, where 
as above 

Qbuffer = {Q 6 Q : Q has at least one child not in Q}. 

Then d3.5l ), d3.61 > and d3.7t hold by construction. The representation ( 13.91 ) holds by defini- 
tion of D h Q and Sq, by the normalization [£>g]g = 1, and by the telescoping nature of sums 
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involving the D h k operator. Furthermore, since each Q e Qbuffer contains at least one bad 
child Pj, we have that 



Z \Q\<2 n Y J \P J \<2 n \Q 1 



which is (13.8l l. It therefore remains only to verify ( 13.4-b . To this end, we assign each "bad" 
cube Pj to a family S i or 5 2, according to whether satisfies property ( 1 ) or (2) of ( 13.1 It . 
If it happens to satisfy both of these inequalities, then we assign it arbitrarily to S 1 . We 
then define 



Bad! = U PjeSl Pj, Bad 2 = U PjESl Pj 



and 



Good = gi\(Badj UBad 2 ). 
Then by hypothesis (iii) of the lemma, 



IGi 



f /?= r r b+ \ b 

JQ, JGood JBadi JBad 2 

m Ql) + sJ]\Pj\ + \^2^\\b\\ L 2 iQl) , 



>Q 

< |Good|? 



where we have used d3.1 1K 1) to control the middle term. Now, by hypothesis (i) of the 
Lemma and Holder's inequality, we have that \\b\\2 < C\Qi\i, whence 

(3.12) (l-a)lfiil<C|Good|i|(2i|i+|Bad 2 |i|f2i|i. 

Choosing 5 > sufficiently small, we will obtain the conclusion of the Lemma once we 
show that 

|Bad 2 I < Ct5 2 |Gil- 

To this end, we observe that by ( 13.1 1K 2) and the Hardy-Littlewood Theorem, 



I Bad 2 I < 



{M(MW > — } 



l [ M{\Tb\ 2 l Ql )>^ 2 



< C5 1 



(Mb) q 



as desired. This concludes the proof of Lemma 1331 



We now return to the proof of (13. It . Fix a cube Q t , and let / be supported in Q\, with 
ll/IU < L We apply Lemma [331 in the cube Q\, with bQ — b l Q , b = b\ = b\, so that we 
have a decomposition Rq { = Oi U Qbuffer U (UP/)» f° r which ( 13.4l )-( 13.8i > are satisfied, and 
furthermore / may be decomposed as in ( 13. 9t . We need to estimate f Tf\, so by ( 13 ,9b it 
is enough to consider 



\lf] 



4 



Z TD Q f 



Z f r Cflp; " WP&) 
•J 0\ 



Z f T ^ 



s |I| + |II| + |III| + |IV| 



By hypothesis (ii) of Theorem l 1.31 and Cauchy-Schwarz, we have that 

|I|<C||/|U|Qi|<C|Qi|. 
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Term II is the main term, and we defer its treatment momentarily. Next, we consider term 
III. For notational convenience, we set 

fj = ./ !/• " l/lr /']■ • 

Since [b l p ]p. — 1, we have that J fj = 0. Moreover, supp/j c p ; , and 

(3.13) \\fjh < C\\f\UPj\' /2 . 
We now claim that 

(3.14) III = J] f Tfj +0(11/110012! |). 

j Jp > 

Indeed, 



r ^= r ^+ r 



(3.15) 

)Qi\Pj JQi\2Pj J(QirtZPj)\Pj 

The second term is dominated in absolute value by 



Tfj- 



C\Pj\* 



In \ 

2 



f 

J2P 



^ClPylWJz^CII/IUPjl 

\J2Pj\Pj 

where the first inequality is essentially dual to (11.2b , by the kernel condition (ll.lK a) and 
the fact that supp/y c p., and the second inequality is just ( 13.13b . The first term in (13.15b 
may be handled by the classical Calderon-Zygmund estimate, using ( 11. 1K b) and the fact 
that J fj = 0, and we obtain the bound 



C 



ff 

JJ\x-v\>C 



{(Pj)" 



\fj(y)\dxdy 



l\.x-y\>CC(Pj) \x-yf 

^cwfjih <c\Pj\Hfj\\ 2 <c\\fUPj\. 

Summing in j, we obtain (13.14b . 

Thus, to finish our treatment of term III, we need only observe that 

zX/* s ?X, T(/i "»| + |?(X, r6 '') m " 

<Bill/IU^|P./| + C||/|U^|P / |, 

j 

where we have used the definition of B\ and hypothesis (ii) of Theorem 1 1.3 1 From ( 13.4b 
and the normalization H/IU < 1, we obtain the bound 

|m|**i(l-e)|Gi| + C|ei|. 

We now consider term IV. By Lemma 1331 and the definition of £q, we have that 

supp^ e eg, JV e = 0, and ||f c || 2 < C\Q\ l/2 . 
Thus, from the same argument used to establish ( 13.14b . we obtain 



(3.16) 



IV 



T£q + o{\q x \\ 
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where in the "big <9" term we have used (13.8b . We recall that 

!a=s%f+ 2 [f] Pj b l Pr 

Pj children of Q 

where for x e Q', with Q a child of Q e Qbuffer, we have either that 

y 



S%f(x) = -bi(x) 



if Q' £ Q = (Qi U fibuffer) ( m which case we say that Q is a "bad" child of Q) or 

4/ 





c 

< — 
(5 










\ 


r r& 


Z 

^<2' good child of Q 


f r(MeO 

Jq 


+ 


f r(6iio) 

Jq 


/ 



if Q! E (g' is a "good" child of g). 

Now, by d33l b x eq- Di//A(Q) (Defimtion lXTBl , so that 



(3.17) 



+ Z 

Q bad child of Q 

where in the last term we have used that the bad children of Q are precisely those Pj which 
are children of Q. 

We shall estimate this last expression via the following 

Lemma 3.18. Suppose that Q c gi- Then with b\ = b„ , we have 



I 



Tb' 



f i2-(&ii e )i a ^ c r ir/7!i 2 + r i^i^ r wo, 

JiQ Jq J2q Jq 



)) 2 



and similarly for b^, T lr . 

Let us take the lemma for granted momentarily. In ( 13.171 ), Q' is a child of g, hence the 
concentric triple 3Q' contains Q. Moreover, the "good" children, being in O, satisfy ( 13. 6t 
and d3.7| ), with b - b\. Consequently, we may apply the lemma to Q' c gj or to g c gi 
in the first two terms on the right side of ( 13.171 ) to obtain the bound 

§(r f i^,i 2 + r r" ^ c 

o \Je J20 Jo 



mbi)r\<j\Q\. 



\Tbtf + 

IQ J2Q JQ 

In addition, the last term in (13 . 1 7b is no larger then 

V( f n x QI + f r^)<cV |g'l<qg|, 

q \ Jq\q' Jq I q 

by the dual estimate to ( 11.2b . plus hypotheses (i) and (ii) of Theorem 1 1.3 1 Since 5 > is 
fixed, summing over g in Qbuffer yields that 

[IV||<C|fii|, 

by &M . 

Combining our estimates for I, III and IV, we have therefore proved that 



(3.19) 



f Tf\ <|n| + C|eil + Bid-e)iei| 

\Jqi \ 
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modulo the proof of Lemma 13.181 which we shall give now, before embarking on our 
treatment of the math term II. 

Proof of Lemma 157751 The proof is based on another Lemma. 
Lemma 3.20. For all dyadic Q, and for every f e L 2 (Q), we have that 

\\f\\m Q) <c(\\f- [/] fi lb ( + IGI 4 K/>*e>l)> 

and similarly for b X Q. 

We first show that this lemma yields Lemma [3. 181 By the dual estimate to ( 11.21 ). we 
have that 

f |7W G )I 2 <C f Ifcil 2 . 
J3e\e Jq 

Thus, it suffices to show that J Q \T(b\ Iq)\ 2 < fJ, where 

P= f \Tb l \ 2 + f \b l \ 2 + f M{b{) 2 . 
Jq J2q Jq 

We note that 

|<7W e ),Z>e>] = Kfci ^Q,T v b 2 Q )\ < ||&ilb( fi) F tt 4lb( < C|<2l 1/2 ||2>ilb (0 , 

by hypothesis (ii) of Theorem ll.3l Thus, by Lemma [3.20l with / = T(b\ 1q), it suffices to 
show that 

(3.21) \\f-[fh\\m Q )<C^. 

In turn, d3.2U will follow if we can show that, for all h e L 2 (Q) with h — 0, we have 

\(fM<Q\h\\ 2 # 

But 

(/, h) = {b x \ Q , T a h) = (b u T a h) - a>il (2G \0, r tr /7) - (fci laocr^} = C7 + V + W 
Now 

|C/I<II^ilb( fi )IWb(0^C^8||ft|| 2 . 

Moreover, we have that 

|V|<||*i|| \\T tr h\\ L 2 (2QW) < C ^\\h\\ z , 

where we have used the dual estimate to ( 11.21 in the last step. Finally, since [h = 0, we 
have by the standard Calderon-Zygmund estimate that 

\W\< f \h(y)\ f \h(x)\ mY dxdy< f \h{x)\M{b 1 ){x)dx<C\\hh^. 
J(2qy Jq \x-y\ n+a J Q 

Thus, Lemma [3.201 implies Lemma [3.18l □ 
We now give the 

Proof of Lemma^M Let h e L 2 (Q), with \\h\\ 2 = 1. Then 

(/, h) = (/, h - [h] Q b 2 Q ) + [h] Q (f, b 2 Q ) = (f- [f] Q , h - [h] Q b 2 Q ) + [h] Q (f, b 2 Q ), 
where we have used that J Q (h - [h\Qb 2 Q) = 0, since [£> G ]g = 1. Thus, by Cauchy-Schwarz, 

Kf, h)\ < ||/ - L/lfilbcfi) (l + Plel Wb Q h) + IWfll \<f, b 2 Q )\. 
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But 



IWfil < 



161 Jo 



1/2 

wi <ier*. 



and by hypothesis (i), H^lta < Clfil 1 ^ 2 - The conclusion of the lemma now follows readily. 



Next, we return to (13.19b . and more precisely, to the term 



n=E f 



TDgf, 



where / is supported in Q\, and ||/|U ^ !• Having established ( 13.191 1, we must now show 
that | II | < C|2i|, whence (13. U follows, since £>i is arbitrary. But 

n= 2<A^r te i fil> z^/> f 

Gen, 



because (Dg 1 ) 2 = Og\ and (D*') tr = A* 1 . Thus 



(3.22) 



mi < 



Z I^Sna) Z ll A e Ttri e*( G) 

Since b\ satisfies (13.51 ). we have by Lemma 12.141 that the first factor on the right side of 
( 13.22b is bounded by C||/|| L 2 (Ql) < CIQil 1 ' 2 . It is therefore enough to show that the second 
factor is also dominated by CIQil 1 ^ 2 - More generally, setting 

QiQQi \\£l\ Ge n,nR e , 

we shall show that Bi < C. More precisely, for Q2 c Q l now fixed, we shall show that 

(3.23) Yj W A q tH Q^Q) ~ (1 " e)Bim + QQlV 

Qen l rJi Q2 

Once ( 13.231 l is established, we shall be done. To this end, we decompose Rq^ as in 
Lemma 1331 with respect to b — b\ = b2- In particular, Rq^ — Q.2 U ^2,buffer U (U-Rp?), 
where 

Zi^isa-^i&i, Z lei^ci&i, 

and b2 e q - Dip A on Q2 U Q2,buffer- The left hand side of ( 13.23t then splits into 

Z + Z + Z Z 

Now, by definition of B2, 

E 3 s Z Z K^^Q^LHpf) * B ?Z ^ Ml - e)lQ21 

i QeQ.inR p 2 i 

Next, we consider E 2 . For Q e fij n Q 2 ,buffer, we write l Gl = l e ,\2e + l(fiin2fi)\fi + Ifi- 
Since bi e q - Dif/A(Q.i U Qbuffer), we have that A* 1 : L 2 (0 -> L 2 (0. Thus, using also 
(11. 2K we obtain 

IIA G 'r% ein2e)U? || 2 <C||i 
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Summing this term over Q e fi 2 ,t>uffer yields the bound C\Qi\ as desired. Also Ag 1=0. 
Thus, if we denote by ip b A (x, y) the kernel of Ag , we have by ( 11. 1K b) that 



\A%T«l QlVQ (x)\ < C J \<p%(x,y)\dy £ 



z-y Q \>cC(Q) \ z ~yQ\ 
where yQ is the center of Q. Therefore 

IIA^r tr i GA2e ||2 2(e) < QQ\, 

and we can again sum over Q e Q2,buffer to obtain the bound C|g 2 |. 

To finish our treatment of S2, it remains to consider the contribution of 1 q. By definition, 

h 1 bi(y) 1 bi(y) 



= &(x,y)bi(y). 



Then, 



Since x e Q (otherwise Ag = 0), we have that by definition of Ag , the last expression 



1 1 



A Q ' T a l Q (x) = (A%(x, -)b u T«l Q ) = f TQfiAfa, ■ 

*J 

: 6 Q (otl 

equals 

y i Q .(x)lf TihiA-L-L- -I c whIq) 

G'chit^„of Q We jmibAQ, \J Q )\Q\[bA Q 

Since Q e £2i, we have that b\ e q - Dk/jA on Q and all of its children, so that 

Consequently, 

IIAjr te i c |b. (e) <c Y f |r(MeOI 2 V + cf-1 f |tw g )I 21 

< ciQpi (iiriiibaa + IMbce) + \\Mbi\\ LHQ) ) < c, 

where we have used Lemma [3. 181 and then estimates ( 13.6b and ( 13.71 ). in the last two in- 
equalitities. Thus, ||Ag r tr l G ||^ 2(G) < C\Q\, and summation over Q e fi2,buffer completes the 
estimate 

s 2 < cig 2 |. 

This leaves Si . That is, we need to prove 

(3.24) X IIAgmig < Clffal, 

Geninn 2 

where we have replaced 1 g, by 1 in the definition of Si . Indeed, the error may be controlled 
by a well-known argument of Fefferman and Stein IFSI . since A* 1 1=0, and the kernel of 
r tr obeys ( 11. 11 1. Combining ( 13.241 1 with our estimates for E 2 and S3, we obtain ( 13.23b . and 
thus also the conclusion of Theorem ll.3l 

We now proceed to prove (13.241 i. We fix k such that Q e Djt. We begin by observing 
that for Q e Q. 2 n Djt, we have that 

|A'^r tr l| < i|(A*T tr l)[/7 2 ] G | = -\A^rnE k b 2 \ 
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where in the last step we have used that Ag 1 T tr l is supported in Q, by definition of Ag 1 . We 
now use a variant of a trick of Coifman and Meyer IICM1 . to write 

(3 25) (A ^' TH)Ek = ( (A e Ttri)Ek ~ A e ^ + A e Tb(Ek + A " e ' r& 

= Tq,\ + Tqz + Tq$. 

It is therefore enough to establish (13.24b with A* 1 r tr l replaced by each of Tq^z, Tg^ 2 b 2 
and T Q ^b 2 . 

The contribution of the latter term is easy to handle. To this end, we define an operator 
Ag by the relationship 

i.e. if <p b A (x,y) denotes the kernel of A b ' , and, as above 



^e'fcy) = A h J(x,y)b l (y), 



then 



^g(x)= J A^(x,y)g(y)dy. 



We shall prove the following. 

Lemma 3.26. Suppose that Q 2 Q Q\. Let b\,b 2 s q — DxpA on dyadic sawtooth regions 
Cli U O b uffer,^2 U Q 2 ,buffer, respectively. Define C 2 = sup eEn2un2bufa [|fr 2 | 2 ]e- Then 

J] \\A h ^b 2 g)\\l<CC 2 \\g\\ 2 L2(Q2) . 

We momentarily defer the proof of Lemma [3.26l 
Applying this lemma with b\ = b 2 , ^1 = Q 2 , we obtain 

(3.27) J] ||A^|| < Cllflg. 
Thus, 

2 \\T Q ,ib 2 \\l< J]\\A^(l Ql T a b 2 )\\ 2 2 <C f \T ti b 2 \ 2 < C\Q 2 \, 
Qen,nn 2 Qe^i Ql 

as desired, where in the last step we have used hypothesis (ii) of Theorem 1 1.3 1 

Let us now prove Lemma [3.261 By ( 13.51 ). and Lebesque's Differentiation Theorem, 
b 2 e L°°(F 2 \ where F 2 = Q 2 \(UP 2 ), with 

\\b 2 \\ 2 L ^ F2) < C 2 . 

We decompose 

(3.28) b 2 g = b 2 g\ Fl + Yp>2g)l P i. 

i 

By definition, for Q e B*, and x e Q, 

A bl h(x) = Ek+lh( - x " } - Ekh ^ - A kh(x) _ E k h(x) A k b(x) 
Q E M b\{x) E k bi(x) E k+1 bi(x) E k+ ib\(x) E k b x {x) ' 

Since Q e we have that \E k+ \b\(x)\, \E k b\(x)\ > 6, so by a familiar argument involving 
\, Carleson's Lemma and Lemma 12.151 we have that 

2 

2- 



(3.29) Yj H A fi A ll2 * C H /1 I 



Gen, 
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Consequently 



X IIA£(i2*l* a )lg<C f \b 2 g\ 2 < CC 2 \\g\\l H(h y 



To treat the second term in (13.28b . we note that if P 2 c Q e D 2 , then P 2 c g, so that 



/lg(x,;y) is constant on P?. Also, 



(big - [b 2 g]p^) = 0, 



so therefore we may replace 2i(^2,?)lp2 by Y^i\) } 2g]p^p^- This leads to 



Z A G Z 1 *?^ 

Qe£l 2 nni V / 



< C 



L 1 



Z i^t^]/ 

^cY J \P 2 i \[b 2 g} 2 pl <CC 2 Y J ^^\8t 



L 2 (Q 2 ) 



where we have used ( 13.29t and then Cauchy-Schwarz and the estimate 

C 



—T f \b 2 \ 2 < — ^-r f |fe 2 



<CC 2 . 



In turn, the latter bound holds because 2qP 2 , the dyadic double of P 2 , belongs to Cl 2 U 
^2,buffer- This concludes the proof of Lemma 13.261 and hence also our treatment of the 
term Tqt, in (13.251 >. 

Next, we consider the term Tq,\ in ( 13 .25b . By definition, for Q e 

\QE k b 2 = l Q [b 2 ] Q . 

Thus, since for any g, A* 1 § is supported in Q, we have 

r a i&2 = A^r r (i ei ([fe 2 ] e -£^ 2 )) = r ai * 2 + r ai z> 2 , 



where 



7^*2 = Ag 1 T tl (l mQ ([b 2 ] Q - E k b 2 )) , Ty>2 = A^ T a (l (30 c([fo 2 ] e - £ t fc)) . 

Now, for Q e Cl u A* 1 : L 2 (Q) L 2 (Q). Moreover, T tr : L 2 (3Q\Q) -> L 2 (0, by Q ). 
Thus 

3"-l 

F al fo 2 || 2 < CHMq - £*Z> 2 |fe (3£M) <c£ l|A^ 2 ||2 2(0 , 

m=l 

where A™ is defined as follows. Given Q e Oj, we enumerate the 3" - 1 cubes in B,t which 
are adjacent to Q (i.e., which are contained in 3Q\Q), and we do this in some canonical 
fashion so that the enumeration does not depend upon Q, but only on position relative to 
Q. Then for any x e Q, and for Q' n one of these enumerated neighbors of Q, we set 

We leave it to the reader to verify that for each m = 1,2, 3, ... 3" — 1, we have the square 
function estimate 

2 IIA^lg = J] W~ A 'k8\\l < C\\g\\ 2 2 . 

Q dyadic k=-oo 
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Consequently, 



Z \\T' &1 b 2 \\l * CWbiWl = C\\b 2 \\ 2 L2{Q2) < C\Q 2 \. 



We now turn to the term T'i y b 2 . Let i]/q{x, z) denote the kernel of A^J 7 nr . Since Ag 1=0, 
we have that for Q e Qj and z e (30 c , 

\<fr Q (x,z)\= J ^{x,y)[K a (y,z)-K t \x,z)]dy 

< C\ Q {x)l mY {z)^^^ j N < Cl G |]2- to (2^(0)-"l 2iGV2i - lfi ( z ), 



so that 
(3.30) 



°° i r 

~~f l z til J2'G 



We note that the concentric dilate 2'Q is covered by a purely dimensional number of dyadic 
cubes of the same side length 2'{{Q) = 2'~ k , namely the dyadic ancestor (2d)'Q (here 
2oQ denotes the dyadic double of Q), along with its neighbors of the same generation 
Dk-i- Enumerating these neighbors in the same canonical fashion as above (i.e., as in the 
definition of A™), we denote them by Q"'(i), 1 < m < 3" — 1. We then write 

[b 2 ] Q = [b 2 ] Q - [b 2 ] 2oQ + [b 2 ] 2oQ - [b 2 ] (2o) 2Q + foWfi + M(2 D )<S 

(3.31) 



= A k-tb 2 (x) + [b 2 ] {2D y Q , 

e=\ 

for any x e Q. Similarly, 

i 

(3.32) E k b 2 = E k b 2 -E k -\b 2 + E k -ib 2 + E k ^b 2 = ^ A k -cb 2 + E k -ib 2 . 

f=i 

By definition, E k jb 2 { x) = [fr 2 ]g "(o, if x e Q m (i), and E k -ib 2 {x) = [b 2 ] (2D y Q , if x e (2 D )'g. 
Thus, plugging ( 13.31b and ( 13.321 i into (13.301 l. we obtain that 

i 3"-l 



\T'^b 2 \ < Cl fl J] 2_fa X (l A *-^l + M(A k - e b 2 )) + J] 
Consequently, 



m=l 



VGeninn 2 



2 <c|V' ff ]r 2ha,_a 



3"-l oc 



m=l i=l V & 



< C|fe|b < QQ 2 \ 



This completes our treatment of Tq \ in ( 13.25b . 

It remains now to consider the term Tq 2 , and this will be a more delicate matter. We 
note that by ( 12.41 ) and the definition of A ; , 



Ek-I=-YjAj 
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We therefore have that 



(3.33) T Qa b 2 = -A^T tr 



^"(lfiffcle - b 2 )) - A*' (([b 2 ] Q - b 2 )Tbx)} 

b, 
Q 



A* 1 (JWrW s Errorj + Gq + <b Q . 



where we have used that \ Q Ekb 2 = lgt^Je- 
We first turn our attention to Errori . We fix 

S = C2- j£ 2- k(l - c \ 

with C a fixed large number and e > to be chosen. For each /j. > 0, we let g/i denote the 
"yu-neighborhood of Q", i.e. 

Q ll = {x: dist(x, Q)<iA- 
We also define the /i-ring around Q by 

^ = QAQ- 

We choose a smooth cut-off function rjs e C^(Q 2 s), with 77,5 = 1 on IIV^U < C/6, 
and supp Vt/,5 c R 2g \R g . We write 

l G c = 1 -T] S + T]s- l Q . 

We treat the contribution of 1 - r/s first; that is, we consider 

Error; = - £ A* 1 T tr ((1 - %)A^ 2 ) , 

where we have used that Aj = Aj. We denote by h(y, v) the kernel of the operator H = 
r tr (l-7, fi )A j; i.e. 

h(y, v) = J K ti (y, z) (1 - ife(z)) ^-(z, v)<fe, 

where the kernel ^ 7 (z, v) of Aj satisfies J tpj(z, v)dz = and J \<fj(z, v)\dz < C for every v. 
We set 

K s r (y,z) = K a (y,z)(l-m(z)). 

Then for y e Q, we have 



|/i(y. 



,v)|< f \K^(y,z)-K^(y,v)\\ipj(z,v)\dz 

J\y-z\>cS, \z-v\<C2~i«S 

2-j<* 2~ j 1 

- C |3,_ v |«+« 1 "y- t, ' > ^» + c ~| y ~^ 1 i c,5< i>- l 'i <CT (e)) 

5%v) + *"(y,v). 
We define operators i/', H" by 

i/'g(y) = J h'(y,v)g(v)dv, H"g(y) = J h"(y,v)g(v)dv. 

Recall that j > k and that 6 = C2-^2-* (1 - e) = C2~H{Q) x -\ so that 



\h'(y, v)| < C2-°-* )a(1 - e) 



(<J + |y - v|)" +Qr ' 
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Furthermore, 



\H"g(y)\ < C2- { j- k ^- e) 6-" f \g\dv 

J\y-v\<Cl(Q) 



< C 2^- k) ^ Mg(y) = C2-^-^Mg(y). 

Combining these estimates, we have that for e chosen small enough, depending only on n, 
that 

Hg(y) < C2-^Mg(y), 
for some ft > 0. Now, for gefli,we have that A* 1 : L 2 (Q) -> L 2 (g). Consequently, 

HAjr^fO - i/ d )A^)|b = HAgffA/fclb < C2-^||MA^ 2 || L 2 (0 . 
Moreover, summing over 2 6 D/i n Qi n Q2, for each fixed k we obtain 
2 IIA^HA^lg < C2- 2 ^||MA^ 2 ||2 2(K „ r 

Therefore, by a variant of Schur's Lemma, we obtain 

J] HError; ||1 < C||Z7 2 ||| < C|Q 2 |, 

Qen, nn 2 

as desired. 

We now consider the rest of Errori , namely, 

Error'/ = -J] A Q ^ ((% ~ h^jh) ■ 

By (TO ), r tr : LP{6Q\Q) -» 1/(2), 1 < /? < 00. We choose /> so that -i + ± = 1, where g 

is the exponent in hypothesis (i) of Theorem 1 1.3 1 Then, by definition of Ag 1 , we have that 
forgefii, 

|Aj7*((i/ 4 - l fl )A J -ft 2 ) I - C Jq\ J" ^((17* - lfl)A J -ft 2 ) I 

1 

<C[\b x n^Jjr«{{ m -\ Q )Ajb 2 )f 

<c[— r |A;W 



< c 



<c2-u-w(M(\Ajb 2 ny( X ), 

for some (3 > 0, and for all i e 2, where we have used ( 13. 5t in the third inequality, and 
where p < r < 2. Thus, 

IIAj^fOto - l G )A ; fo 2 )|| 2 < C2-^||(M(|A^ 2 r))' lb(fl), 
so as above we obtain via Schur's Lemma that 

J] II Error'/ \\ 2 2 < C\\b 2 \\ 2 2 < C\Q 2 \. 

QeQ 1 nQ 2 

This completes our treatment of Errori ■ 
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Next, we discuss <t> e in ( 13.33b . Since [b 2 ] Q < C 2 , for all Q e fi 2 , we have by (13.29b that 

X II a q Me^i) 111 < CC 2 f ir^H 2 < CC 2 |G 2 |, 

where in the last step we have used that the left hand side is zero unless Q 2 e £2i UQbuffer, so 
that ( 13.7b applies to Tb\ in Q 2 . Moreover, the remaining part of <t>g, namely —AX{b 2 Tb\), 
may be handled similarly via Lemma [3. 261 We omit the routine details. 
It remains now to treat Gq in ( 13.33b . To this end, we set 

8q = Mt^e - bz), 

so that 

G Q =A%T tr gQ-A l £(gQTb 1 ). 
Suppose that Q e B> k . We write 

G Q = {A e T tr £ A . + 1 g e - A b Q HE k+l g Q Tb x )) 

+ {A b Q > T\g Q - E k+lgQ ) - A* 1 fe e - E k+lgQ )TbO} 
= G'q + Erroi2 . 

We consider G'q first. Since Q e we have that E k gQ = 0. Thus, 
Ek+igQ = (E k +i - E k )g Q = A k g Q = -A Q b 2 , 
because gQ is supported in Q, and Agl =0. We therefore have that 
G' Q = -A b Q l T tI A Q b 2 + Aq ((A Q b 2 )(Tb l )) 

= le + n e> 

and we treat these terms separately. Since A* 1 / = Alibif) = (/LJZ>i,/), we have that 

Iq(x) = (A%(x, ■)b u T tr (A Q b 2 )) = (T(A b Q \x, -)b x ), A Q b 2 ). 
We recall that by definition 

where the sum runs over the children Q' of Q. Thus, 



|I G (x)|<Cl Q (x) 



ler 1 \{T{\ Q b x \ A Q b 2 )\ + Yj ler'Krde^i), A Q b 2 )\ 

Q' 



where we have used that Q e Qi to control [£>i]g and [b\]Q> from below (again, the sum 
runs over the children Q' of Q). But by Cauchy-Schwarz, Lemma [3.181 and ( 13.6b and ( 13.7b . 
this last expression is no longer that 



Similarly, but more simply, the term Uq(x) is dominated by 
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by ( f3?7l . Altogether then, 

J] \\g' q \\1 < £ \\A Q b 2 \\i < c\\b 2 \\i < cm, 

<2en,nn 2 Q 

as desired. 

Finally, we consider the term Erroi2. For Q e B*, the children Q' of Q belong to D k+ \, 
so that for each such child Q', 



I igQ ~ E k+1 g Q ) = 0. 

JO' 



We set = gQ - Ek+igQ. Now A* 1 / = A* 1 {b\f), so that for x e Q, we have 
Error 2 (x) = A^i^gX*) - A*V G ™i)(x) 

= (/ G '(x, ofti, rV e > - 0.^1) 

G' 

= 2 (< r (4' ( *' 0*i), *elc > - <r(l c4> <*• *'e 1 c >) ' 

Q! 

where the sum runs over the children Q' of Q, and where, in the last step, we have used 
that •) is constant on each child Q' of Q. Thus, 



Error^x) = £ (l^^Oc 0*i, WqIj?)) 
= J>e'(WrV G i e <))(*). 



Now, by definition, 

8q 1 Q' = (8Q- E k+igQ)^Q' 

= [lQ([b 2 ]Q - b 2 ) - E k+l (l Q ([b 2 ] Q - b 2 ))} Iff 
= (E k+ ib 2 - b 2 )l QI , 

since lg'£jt+i(lg[^2]g) - [bi\Q^Q>, for each child of Q' of Q. We expand 

Z? 2 = ^ j A j b 2 + E k b 2 , 

and note that since E k+ \E k - E k — 0, we have that 

00 

E k +ib 2 -b 2 = ^(E k+l Ajb 2 - Ajb 2 ). 

j=k 



Moreover, 

E k+ \Aj = E k+1 (Ej + \ - Ej) = 

Thus, 



- = 0, if j>k+ I 
E k+1 -E k = A k , if j = k. 



E k+ ib 2 -b 2 = - ^ Ajb 2 

j=k+\ 



A PROOF OF THE LOCAL Tb THEOREM FOR STANDARD CALDERON-ZYGMUND OPERATORS 



21 



and consequently, 



Error 2 = - ^ A 



Q' children of Q 

Since Aj = Aj, it again suffices to show that, for some fi > 0, we have 

(3.34) ||A* (l G \ e -r tr (l e -A^)) || 2 < C2-^- k) \\h\\ L 2 (QI) , 

for every j > k and each child Q' of Q. Now, the kernel of Iq'Aj is a sum 



where {{Q[) = 2"A $ c g', 
(3.35) 

and 
(3.36) 

for each fixed v. We split 



C 

kPp/fcv) < — r l £) /(z)l /(v), 
' \Q e \ ' ' 



J <P Q i(z,v)dz = 0, 



Iq\q - Iq\q' + Ir'hq, 



where as before Q' s is the 6 neighborhood of Q', and R' s = Q'AQ '. In the present situation, 
we choose (5 = 2~^ 2 2~ k / 2 . We let 7(y, v) denote the kernel of r^lg/A^, and observer that 
for y e Q\Q' S , and by j335t and d336l we have 



|/(y,v)| = 



^l G ,(y) J (^ tr (y,z)-^ tr ( } ; 1 v))^(z,v)rf Z 

c Zj 1 a; (v) J | y _ vr « \<PQi(z,v)\dzl lty - v[> c S] 



< C\ Q (v)2 



-U-k)a/2 



6" 



{5+\y-v\r 



Since A* 1 : L 2 (g) -» L 2 (0, for g e Qi, we have that ( 13.341 ) holds for the contribution of 

1 Q\Q's- 

It remains now only to treat the contribution of l^ng- To this end, we recall that 
<Pq (x, y), the kernel of A* 1 , satisfies 

Iv&(jc,x)| < ^riflWi c Cy)ftiCy). 
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Then for x e Q e £2i nB*, q as in hypothesis (i) of Theorem l 1 . 3l (and also (13. 5i ). - + - = 1, 
and p < r < 2, we have 

l A G l«;n G r r (l Q 'A/i)(x)| < Crl f N I^Clg-A^)! 

sc (h/ 8 H'(h/ w |, * c, *H' 

for some /? > 0, where in the last step we have used the dual of the U version of ( 11.21 ). 
Since Q' is a child of Q, the last expression is bounded by 

C2-V-W(M(\l Q ,Ajh\ r jy (x), 
for every x € Q. Since IryAjh = lg»A y -(lg>/i), for j > k+ 1, (13.341 1 follows. 
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